Rayleigh instability that results in the breakup of a charged droplet, levitated in a quadrupole trap, has been investigated in the literature, but only scarcely. We report here asymmetric breakup of a charged drop, levitated in a "loose trap", wherein, the droplet is stabilized at an off-center location in the trap. This aspect of levitation leads to an asymmetric breakup of the charged drop, predominantly in a direction opposite to that of gravity. In a first of its kind of study, we capture the successive events of the droplet deformation, breakup and relaxation of the drop after jet ejection using high speed imaging at a couple of hundred thousand frames per second. 
Introduction
Charged droplets are often encountered in nature, for example, electrified cloud droplets as well as in artificial technologies such as combustion of fuel droplets, spray painting, crop spraying, and inkjet printing. Lord Rayleigh (1882) first derived a threshold value at which a charged drop exhibits instability. 1 The mechanism suggested was overcoming of the force due to the surface tension of the liquid droplet by the repulsive electrostatic force. The first evidence of the disintegration of a liquid issuing from an electrified capillary in a sufficiently high external electric field was reported by Zeleny 2 , while the first charged droplet breakup in the strong electric field was investigated by Macky 3 . Further, the work of Macky 3 was supplemented by Taylor 4 using a suitable hydrodynamic theory.
In most practical situations the dynamics of the breakup of a charged droplet is very fast. Hence for a detailed understanding of the droplet breakup characteristics, the droplets need to be suspended in space. The first systematic study of Rayleigh fission of a suspended drop was carried out by Doyle et al. 5 where the droplet was levitated in a Millikan oil drop experiment 6 and was observed to eject 1-10 smaller daughter droplets from a parent drop.
Using a similar device, Abbas and Latham 7 obtained similar results but for a wider range of droplet radii (30-200 µm). In the Millikan oil drop setup, a continuous adjustment of DC suspension voltage was required against the change in mass and charge density. Duft et al. electrode. An AC voltage of 4.5-11 kV pp and 100-500 Hz frequency was applied between the end cap and the ring electrodes. A typically charged droplet, levitated off-center in a quadrupole trap, takes several minutes to evaporate and build the Rayleigh charge before it undergoes breakup. The events were manually recorded using a high-speed camera at a speed of around 150-200k frames per second (fps) for around 2-4 seconds. The video was played back to capture droplet center of mass oscillations, shape deformations as well as the asymmetric breakup of the droplet. Also, it was reported that a droplet suspended in an AC quadrupole field, and without a DC bias, was seen to exhibit the several phenomena in a typical high-speed video such as the droplet undergoes simultaneous center of mass motion and associated deformation of an otherwise undeformed spherical droplet. The droplet then undergoes an asymmetric breakup, predominantly in the upward direction.
The highlight of the present work is the observance of these different stages in the entire process of the breakup of a charged drop in a single high-speed video. In this paper, we have further advanced our work reported in Singh et al. 11 by addressing the effect of fluid properties such as conductivity of the liquid droplet as well as the effect of the applied field and unbalanced gravity on the droplet breakup characteristics. Towards this, a first video graphic and quantitative evidence of the effect of the applied field, size of the droplets and conductivity of the droplet is reported and the observations are qualitatively compared with the calculation of the axisymmetric boundary integral simulations. The experiments and numerical prediction are found to be in fair agreement, the mechanism for the breakup is then elucidated.
Description of Experimental setup
In the present work, a positively charged droplet was levitated in a modified Paul trap, the details of which are described elsewhere (see ∼ ref. Singh et al. 12 ). The trap consists of two end cap electrodes and a ring electrode. The trap parameters namely z 0 (=10mm), distance between centre of the ring to the centre of the end cap electrode, and r 0 (= 10mm), distance between centre of the ring to the inner periphery of the ring electrode, were significantly higher than those in the literature. 13 This allows enough space to so several operations simultaneously such as, illuminating the drop, introducing highly charged droplets generated by electrosprays and recording the drop deformation followed by Rayleigh breakup using high speed videography (by Phantom V12 camera) at 100-130k fps and a stereo zoom microscope (Nikon).
To observe the Rayleigh breakup phenomenon, charged droplets were generated by electrospraying ethylene glycol and ethanol solution (50% v/v) and were levitated in an ED balance.
The viscosity (µ d ) of the droplet, measured using an Ostwald viscometer, was ∼0.006Ns/m and the surface tension (γ), measured using pendant drop (DIGIDROP, model DS) method as well as spinning drop (Dataphysics, SVT 20) method, was ∼30N/m. To increase the conductivity of the droplet an appropriate amount of NaCl was added to the solution. The droplet dynamics was given by the non-dimensional Mathieu equation,
where, a z = . In most of the experiments, the droplet was levitated at a critical value of stability parameter (a zc =∼ 0.45 at ∼ 0.01). After levitating the droplet, the droplet breakup was recorded through high-speed imaging.
Droplet breakup characteristics
In a typical Rayleigh breakup process a levitated charged droplet is observed to undergo three . Due to the ejection of charge, the destabilizing electric stresses reduce and the drop relaxes back to spherical shape through a series of shape oscillations.
Since the gravity associated with the mass of the drop is not balanced in the present experimental setup the droplet levitates slightly away from the center of the quadrupole trap in the vertically downward direction. Due to the shift from the centre of the trap, the droplet is acted upon by a uniform electric field (E) whose strength depends on the intensity of the applied quadrupole potential (Λ) and z shif t from the centre of the trap, and is defined as E=4 Λ 0 z shif t ). Thus the presence of z shif t and thereby a uniform electric field modifies the electric stress distribution on the drop surface which leads to an asymmetric breakup of the drop. These observations were recently reported by us in a systematic study of Rayleigh breakup of a charged droplet levitated in a quadrupole trap. In this work, we addressed several additional issues which are relevant to understand the breakup physics as well as possible applications. The specific issues addressed in this work are:
1. The mechanism of droplet breakup, and the evolution of droplet shape characterized by AR & AD during the breakup.
2. Effect of quadrupole field strength on the deformation AR & AD, gravitational z shif t , cone angle and jet diameter.
3. Effect of conductivity of the droplet on the jet diameter.
Numerical simulations
Further, to validated the experimental observations and to understand the evolution of the electrical stresses responsible for the breakup, numerical simulations are carried out using axisymmetric boundary element method (BEM) for a charged viscous drop in the presence of positive or negative DC quadrupole potential. Since the droplet conductivity is high (>100 µS/cm) in most of the experiments and the surrounding medium (air) is assumed to be a perfect dielectric, the droplet is considered as a perfect conductor drop. Thus, to understand the mechanism of droplet breakup, simulations are carried out for a charged drop modelled as a perfect conductor. The details of the mathematical formulation and numerical implementation can be found elsewhere. 15 The flow equations are solved in the Stokes flow limit while the Laplace equation is solved for the electric potential. The integral equation
for the electric potential is modified by substituting applied electric potential in terms of z shif t and is given by,
Here, Ca Λ = droplet attains a stable oblate shape at equilibrium. However, in the negative DC field with z shif t , the droplet forms a conical tip at the south-pole indicating downward breakup. These results contradict the observation of upward breakup in most of the experiments. Thus the experimental results are re-analyzed and it is observed that, initially, before the instability sets in, the droplet undergoes shape oscillations. During these oscillations, the interfacial surface charge density of the droplet increases due to evaporation. As the droplet achieves a certain charge density, called as the critical charge density, the droplet deforms continuously and eventually breaks. In case of an upward breakup, the shape of the droplet at this critical point is observed to have high P 2 perturbation with a significant positive P 3 perturbation.
Here P 2 & P 3 correspond to 2 nd & 3 rd Legendre modes. The coefficients of different Legendre modes is obtained via non-linear least-square fitting of the critical shape of the droplet using Mathematica software. Thus, in the BEM simulations, when an experimentally obtained P 2 perturbation is provided to the initial shape of the droplet it breaks in the upward direction when a positive DC field simultaneously acts on the droplet with z shif t . The origin of this field is the off-centered position (i.e. z shif t ) due to the weight of the droplet. The droplet breaks almost symmetrically, before the positive electric field acting on P 2 shape and thereby charge perturbation produces a P 3 perturbation, inducing asymmetry and the upward breakup of the droplet. The asymmetry in the breakup is attributed to the nonlinear interaction of P 1 due to the uniform field and P 2 due to the charge on the drop which collectively gives finite P 3 perturbation. Thus upward or downward breakup depends on the magnitude and sign of
Further to validate the experimental observations, the shape obtained from the shape analysis of the drop at critical point, is given as an initial shape in terms of P 2 and P 3 perturbations in the simulations. The nondimensional parameters used in the simulations are as follows: Ca Λ =0.00052, z shif t =4.5, P 2 =0.12, P 3 =0.02 for a droplet with
The values of P 2 and P 3 are non-dimensionalized by D d /2 to a the perturbed sphere of unit radius with volume . For the above parameters, the critical charge on the droplet required for the breakup is determined by increasing the total surface charge on the droplet with a step change of 0.1% of the Rayleigh charge. It is found that the droplet breaks at 98.7 % (i.e 7.9π) of the Rayleigh charge for the given parameters. This indicates that the breakup process is Coulombic and not induced by the applied field. The critical charge also indicates that the breakup is sub-Rayleigh, hinting at a subcritical instability of fine amplitude prolate perturbations. This validates the theoretical prediction of Rayleigh breakup process which shows that the charged drop exhibits transcritical bifurcation at the critical charge of 8π.
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The time evolution of the charge density and the corresponding normal electric stress acting on the surface of the drop is shown in figure 1 . It can be observed that for a drop perturbed with experimentally obtained values of P 2 and P 3 , the initial charge density (indicated by black dash-dot line) and the normal electric stress acting on the drop surface are slightly asymmetric where the stress is higher at the north-pole due to considerable positive P 3 perturbation. As time progresses the charge density at the north-pole increases rapidly as compared to that at the south pole as shown in figure 1(denoted by blue dashline). This induces asymmetric stress distribution on the drop surface with higher stresses acting at the north-pole than that at the south-pole. The charge density at the north-pole of the drop continues to increase and diverge with time as the drop approaches breakup. Thus near breakup the north-pole experiences higher electric stresses than the south-pole. To balance these high electric stresses the tip curvature at the north-pole also diverges with time and the drop breaks asymmetrically in the upward direction. This typical behaviour is attributed to the asymmetry introduced by finite amplitude of positive P 2 and P 3 perturbations which grow with time. However, it is observed that even with no initial P 3 perturbation, (only P 2 perturbation) the droplet breaks in the upward direction for given parameters. This indicates that the asymmetric Rayleigh breakup observed in the experiments is due to the up-down asymmetric redistribution of the surface charge on the droplet on account of the uniform electric field acting from the south pole to the north pole of the droplet.
Effect of various parameters
Effect of Ca Λ on deformation
The magnitude of applied voltage plays an important role not only in levitating the droplet but also in the extent of the deformation prior to the breakup and thereby the subsequent droplet breakup mechanism. For example, when a bigger sized droplet is levitated at a lower voltage (4kv pp ) and higher frequency it is observed that the droplet is displaced to a greater distance from the center of the trap and exhibits very large center of mass (CM) oscillation.
In this case the CM stability of the droplet is relatively poor due to lower inwardly directed time-averaged quadrupolar force (∼
, where, a z is the stability parameter in the z-direction, c is the drag coefficient andz shif t is the average downward distance from the The experimental values of z shif t are estimated using the expression obtained from the z directional force balance for measured parameters. is characterized by AR and the experimental observations ( figure 3 inset) show that the AR is inversely proportional, although weakly, to Ca Λ . The corresponding BEM simulations support this experimental observation. Further, the electric stress distribution on the drop surface obtained from BEM simulations are shown in figure 4 . It can be observed that at a higher value of Ca Λ , with a constant z shif t , the droplet experiences higher normal electric stresses at the north-pole than at the south-pole. This is due to the position of the droplet (z shif t ) being below the center of the trap and the south endcap is considered to be at a positive potential. Thus the positively charged drop experiences high electrostatic repulsion from the positive endcap at the south-pole. This causes higher accumulation of charges in the north pole of the drop inducing higher electrical stress as compared to the south pole of the drop and introduces asymmetry in the drop deformation and breakup. When the value of z shif t is decreased from 10 to 2 at constant Ca Λ , the electrostatic repulsion from the southern end-cap is reduced and fewer charges migrate towards the north-pole of the drop. Thus the difference in the normal electric stresses acting on the two poles of the drop is reduced thereby reducing the asymmetry in the droplet breakup process. This indicates that the higher magnitude of z shif t and Ca Λ induce more asymmetry (AD) to the shape deformation of the drop, as seen in figure 2 . The reduction in AR with the Ca Λ can be attributed to the oblate deformation tendency of the quadrupole field, thereby reducing the prolate deformation measured as AR>1. Moreover, a large value of Ca Λ leads to an early breakup, thereby reducing the AR. It should be noted that the breakup of a charged droplet can be induced by strong uniform field. 18 The field influenced work as studied in this manuscript deals with the electric field of the order of 0.09 kV /cm unlike the field induced breakup (∼ 20 kV /cm).
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Effect of Ca Λ on the cone angle Effect Ca Λ on jet diameter (J d )
When a droplet is levitated at high value of Ca Λ at constant z shif t it experiences high electric stresses at the north pole and the droplet issues a jet at the north pole with higher asymmetry. It is therefore pertinent to observe how the jet diameter J d changes with the Ca Λ .
To examine the effect of Ca Λ a droplet of ethylene glycol and ethanol mixture is levitated.
Since no NaCl is added the conductivity (σ) of the liquid drop is low (0.8-1 µS/cm). The lower conducting droplet is levitated at a fixed applied voltage i.e 11 kV pp and the frequency is adjusted to keep the droplet at critical stability. It is observed that for a given set of parameters the droplet ejects a thick jet at the north-pole whose thickness varies with the 
Effect of conductivity on J d
A continuous jet with measurable jet thickness can be observed for low conductivity droplets.
To the best of our knowledge, no experimental study is available which explores the effect of conductivity on the breakup characteristics of a levitated charged droplet. It should be noted that Collins et al. 20 have looked at the effect of conductivity on the progeny size generated by the stretching of a liquid pool by a strong electric field and not due to an inherent surface charge on the droplet. Hence in the present experimental study, the effect of conductivity is explored in terms of non-dimensional Saville number (Sa) which is the ratio 
In our experimental setup, with a moderate value of Ca Λ and z shif t , it is observed that when the conductivity (σ) of the liquid drop is increased to a very high value, the jet cannot be detected by the optical resolution of the microscope-camera assembly. At a very high value of conductivity, the drop forms a sharp tip at the north pole, from where it ejects considerable charge but negligible mass. The ejection of charge is confirmed by the direct observation of the immediate relaxation of the drop shape after jet ejection. The reason for the formation of a sharp cone at high conductivity is the reduction in the relative magnitude of the tangential stress as compared to the normal stresses. figure 8(b) ) a sharp conical tip is formed and the jet cannot be observed. A similar qualitative observation of jet diameter dependence on Ca Λ and the conductivity of the droplet is presented as a phase diagram in figure 9 . From figure 9 it can be observed that, as the conductivity of the drop increases, the jet thickness reduces and at σ i.e ∼ 1000 µs/cm the droplet breaks with the formation of a sharp tip and no jet is visible. On the other hand, when the quadrupole potential is increased, at lower conductivity (σ ∼ 20 µs/cm) the extent of asymmetry increases with an increase in φ 0 , in agreement with BEM simulations (figure 4). At a higher conductivity, an increase in φ 0 only leads to more oblate (and thereby fatter droplets) contribution to the droplet shape, at the breakup. 
Conclusions
The effect of applied voltage on the droplet breakup characteristics is reported for non-zero gravity and it is observed that while the AD values increase with an increase in the value of Ca Λ the AR decreases. The comparison of average cone angle for the symmetric and asymmetric breakup with experimentally obtained values shows that the cone angle remains constant at about 30 0 at low Ca Λ , while it increases with Ca Λ above a certain Ca Λ . Thus at moderate values of trap parameter, it can be conjectured that the breakup is indeed Rayleigh breakup, which is only influenced by the external field. On the other hand, at higher values of Ca Λ , the instability could be induced by the external field. In the experiments though, the instability seems to be in the former category. The change of the J d with the Ca Λ and σ of the droplet is reported here for the first time. The magnitude of J d is observed to be higher in case of low conductivity and high Ca Λ which results in the formation of larger progeny droplets.
The experimental observations are validated with the perfect conductor model using BEM simulations. These results further the understanding of Rayleigh breakup of charged drops in quadrupole traps, and indicates that in actual experimental and technological setups, the progeny sizes, as well as charge ejection, could be significantly affected by the electrostatic conditions in these setups.
